A potential energy fimctional ]or the non-linear flexural-u~rsional behaviour of straight slender eht~tic beams with arbitrary cross sections is derived. The result is generally applicable u~ situations where the strains are small and the Bernou-Ili hypotheses are valid. It is shown that special theories can be derived from the general expressions in a consi.~tent mariner, by neglecting some specific terms.
During the past 15 years several articles ~-~3 on non-linear flexural-torsional behaviour of beams have been published. In the majority of these articles, a potential energy functional in terms of displacements and rotations is used, which is mostly derived in the following manner.
First, a displacement field containing the components of the rotation matrix is determined; then this field is used to calculate the non-linear strain components and, finally, these strains are used to determine the potential energy functional.
Deriving the potential energy functional in this manner, without introducing various approximations, is almost impossible, because both the components of the rotation matrix and the strain expressions in terms of displacements are lengthy and complicated in their exact form. Therefore most of the articles on non-linear flexural-torsional behaviour of beams restrict themselves to a special class of deformation as a consequence of the approximations made.
In this paper, a coordinate-free dyadic notation is used to avoid approximations concerning the magnitude of the deflections and rotations. This enables the derivation of a potential energy functional and curvature expressions which are generally applicable to situations where the strains are small and the Bernoulli hypotheses are valid.
The special theories of the articles mentioned can be derived easily from these general expressions by neglecting specific terms.
Rotations in non-linear beam theory are mostly described in terms of Euler angles or modified Euler angles. This results in a 'geometric torsion' expression which is asymmetric in the transverse displacement components and therefore often leads to confusion. In this report, the rotations are described in a special way, resulting in a 'geometric torsion" expression which is skew-symmetric in these components, as would be expected.
THE GENERAL POTENTIAL ENERGY FUNCTIONAL
Assuming the strain energy density to be a quadratic functional of the Lagrangian strain tensor components, e~/= (1/2)(u~./+ u/.,+ tth.iUh./) (i. j, h = 1, 2, 3), and taking into account the condition e22 = e33 = -//etl. the potential energy functional (see Ref. 14) may be written as
where i7 is the displacement field, Vo is the volume of the undeformed body, S ° is the part of the boundary where the loads are prescribed, p0 is the mass density, q, represents the body forces per unit mass, P~ are the prescribed external loads, E is Young's modulus and G is the shear modulus. In this equation the summation convention is applied, which means that repetition of an index in a term denotes a summation with respect to that index over its range.
KINEMATICS OF STRAIGHT SLENDER ELASTIC BEAMS
A straight slender prismatic beam of length L is shown in Fig. l(a) . The beam is made of a homogeneous isotropic linear elastic material. Each material point in this beam is described by a rectangular Cartesian system of coordinates (x, y, ~,). The coordinate x coincides with the elastic axis of the 
In the undeformed state the cross section is oriented such that -~., and -~3 are parallel to the principal axes. The position of an arbitrary material point, before deformation, is given by
where if0 = Y~z + ~'~3, while y and ~' denote length along the ~2 and -~3 axes. Besides the coordinate axes 9, ~, a second set of coordinate axes is defined in the cross section, parallel to y, ~ but with the origin located at the centroid ( Fig. l(b) ), y, ~, and y,z are related by = (y -ys) and ~ = (z -zs)
y~, Z~ are the y and z coordinates of the shear centre.
After deformation, the position vector of a material point is given by ~(x, y, ~,). In order to determine Y the following assumptions are made: --The total deformation of the beam can be considered as the result of two successive motions: first, a rigid translation and rotation of each cross section due to bending and warping free torsion; next, a warping displacement perpendicular to the displaced cross sections. --The cross section does not distort in its plane during deformation.
--Shear deformation due to transverse forces can be neglected. f(x, y~, ~.) i, represents small normal warping displacements (Tt = i~ • i~).
If the displacement of a point on the elastic axis is described by its components u. v. wsin the directions e~. e_,. e3 respectively. ~ can be expressed as
The unit tangent vector to the deformed elastic axis at a point Q can be obtained from d7 (Q) = ~(Q) (7) where s is the arc length along the deformed elastic axis. Differentiating 7 with respect to x instead ofs gives d7 d7 ds 
If shear deformation due to transverse forces is neglected, the unit tangent vector ~'(Q) will be perpendicular to the cross section in every point O.
l I ~-12 s l 3 (10) The triad el, e2, e3 can be transformed into the triad i,. i._. i 3 by means of a rigid translation and rotation.
The rigid rotation can be described by an orthogonal tensor R:
where I is the unit tensor and R c is the conjugate of R.
To analyse the beam deformation, that is to define the flexural and torsional curvatures of the beam axis. the derivatives of Tk with respect to s are studied:
--oek = ds ds ds
The orthogonality property of R implies that (dR/ds) • R c is a skew tensor. and therefore eqn (12) may also be written as aT,_ _ --aR.Rc-L = .Tk (13) ds ds where ~ is the axial vector of (dR/ds) • R c. According to the classical definition) 5 the torsional and flexural beam curvatures are defined as the components of the vector ff with respect to the local basis i,, i2. i3:
where X, is the torsional curvature and X-" and X3 are the flexural curvatures. Combination of eqns (14) and (15) yields
= ( 1 + e~)[Xt it + X'-i: + X3 i3 ] (16)
The deformation process can be described completely in terms of the deformation gradient tensor F, which is given by
The gradient operator with respect to the undeformed configuration can be written as
Substitution of eqns (4) and (5) into (17) yields
where R = (7~, +72~z +73~3). The Green-Lagrange strain tensor is defined by
The components of E which are relevant in beam theory are (see Section 2)
Substitution of eqn (19) into (21) yields the expressions for e,. el_-and et3. ~ Before proceeding, attention is focused on the warping function f. In the case of thin-walled open sections, the normalized warping displacements are mostly described in terms of the so-called sectorial area co(n,p). In this paper, however, preference is given to the equivalent, but more general, Saint Venant warping function ~b(y.z). If Xt is chosen as the warping amplitude, the functionfcan be .written as
(The consequences of choosing Xt as the warping amplitude are discussed in Section 10 where an alternative approach is proposed.) Besides the Bernoulli hypotheses, no assumptions have been introduced so far. In the case of small strains, however, strains may be neglected compared with unit,,'. Applying this type of approximation to eqn (21) 
Using relation (4), e~ may also be written as 
STRAIN ENERGY
In beam theory the strain energy is given by (see eqn (1))
Since v and = are coordinates along the principal axes, the following identities hold" In Ref. 13 a general non-linear beam theory is also derived. The strain energy expression obtained is the same as in this paper, except for the last term of eqn (29) which is missing. This term however has to be taken into account in the case of asymmetric sections.
THE POTENTIAL ENERGY FUNCTIONAL
The total potential energy is the sum of the strain energy U and the potential of the loads f~ rr = U+Ft (30)
It is assumed that the beam is subjected to dead weight surface tractions p~-dl + Pz-e2 + p3-d3 at both ends (x = 0 and x = L) and q2~2, q3e3 per unit length. Besides these 'external' tractions the beam is loaded by a force q-e3 acting at the centroid, representing the weight of the beam.
The potential of the loads may be written as ] f0 
where ,x means differentiation with respect to x.
Considering the integrand of the strain energy U (29) as a function of~,__X,, X2 and XLx, it is readily verified that the constitutive expressions of Nt, M,., M3 and B are the partial derivatives of the integrand with respect to ~, X2, ×3 and XLx respectively. 
An alternative expression for M~ which is often used 1"L' ' t6 is given in eqn (42) and is obtained by solving eqn (37) forT, X-" and X3 and substituting into eqn (41):
Equation (42) is the same as the general non-linear differential equation for torsion obtained in Refs 11-13. The differential equations for bending which are used in Ref. 12 do hot contain the terms with/32 and/33 (eqn (37)), but these terms should be taken into account if the cross section is asymmetric.
THE ROTATION TENSOR R
To express the strain energy and load potential in terms of displacements. the rotation tensor R is studied more closely.
The rigid rotation which transforms the triad et, e2, e3 at a material point Q of the undeformed axis into the triad il, i.,, i3 at Q of the deformed axis is represented by a rotation tensor R. In beam theory this rotation is often described in terms of so-called modified Euler angles. The rotation tensor is then broken down as
where R,, Ra, Rv are respectively rotations of magnitude a,/3, 3' about the reference axes ~t, e2, e3. This method, however, has some disadvantages (to be discussed at the end of this section) and therefore an alternative method is used in this paper.
An axis with unitvector ~, perpendicular to 7t and 7t, is chosen as rotation axis. When ~t and it are inclined at an angle ~b, ~ can be written as 
where ~ is an Euler angle. Equation (52) is asymmetric in v~ and w~. That this may lead to confusion is shown in Ref. 11 . If the method of this paper is used to describe the rotations, Xt is given by
X~ ~' + vs-+ w "2
This equation is skew-symmetric in v~ and w~ as would be expected. In Ref. 13 a second-order beam theory is derived in a totally different manner from that in this paper. The expression derived for Xt is
= +~(v~ ws-w, v;)
If in eqn (53) (1 -v "2 -w'2) ~2 is approximated by 1 -½v ' -~ -½w'2. the same expression is obtained. Substitution of the curvature expressions eqn (51) and rotation matrix components eqn (48) into the potential energy functional eqn (34) renders a functional in terms of the displacements u, v, w~ and the rotation/3. The only approximation applied so far is the replacement of terms of order (1 + E) by unity, in accordance with the assumption of small strains. The expressions are therefore valid for beams exhibiting arbitrary large deflections and rotations.
SPECIAL THEORIES
In many practical problems the magnitude of the deflections and rotations is limited and expressions as accurate as eqns (50) and (53) are not needed. Therefore simplified expressions are derived in the following by neglecting higher order terms.
Beams exhibiting moderate deflections and large rotations
To determine the order of magnitude of the terms that should be retained in the case of moderate deflections, a side-step is made at this point, and the classical case of a beam loaded by a bending moment in its plane is studied. 
Comparison of eqns (61), (62), (65), (66) with the results of Ref. 11 shows that, due to the neglect of the geometric torsion in that paper, the results are only valid for small deflections and large rotations, acc'ording to the terminology of this paper. The rotation matrix and curvatures for problems with small deflections and moderate rotations can be obtained from eqns (63) 14 it is shown that these special theories can be derived from the general expressions of this paper in a consistent manner, by neglecting specific terms.
WARPING
In the case of slender beams, the warping displacements are mostly written 
However, by postulating that the amplitude of the warping displacement equals X~, it is also postulated that, at a section where warping is prevented, the strains e~2 and e~3 have to vanish too (eqns (24) and (25)). This is certainly not the case in reality and should in general not be assumed, since these strains are proportional to the stresses o-~, and o'~3. To overcome this problem, an expression similar to the one proposed by Reissner m7 for the case of non-uniform linear torsion can be used:
f(x, y, z) = g(x)dj(y,z)
where g(x) is a function yet to be determined. Reissner ~7-t9 showed that, in the case of non-uniform linear torsion of thin-walled beams with open cross sections, the practical improvement gained by working with eqn (68) instead of eqn (67) will in general be negligible. For non-uniform linear torsion of thin-walled beams with closed or partly closed cross sections, however, the more accurate eqn (68) leads to results which are quite different from what would follow from a use of eqn (67). In the case of beams with an arbitrary cross section undergoing both bending and non-uniform torsion, eqn (68) must also be expected to lead to more accurate results than eqn (67). The influence of this alternative warping approach is at present being investigated at the Eindhoven University of Technology.
CONCLUSIONS
A potential energy functional for non-linear flexural-torsional behaviour of straight elastic beams with arbitrary cross sections has been presented. The functional is generally applicable to situations where the strains are small and the Bernoulli hypotheses are valid. It has been shown that the potential energy expressions for special theories can be derived from this general expression in a consistent manner, by neglecting specific terms.
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